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Schoof[121, Elkies[31 [11, 131
survey survey Lercier-
Lubicz quasi-square order Kohel AGM
loglogq $\log m$ bit
$\mathrm{F}_{q}$
,
$\mathrm{F}_{q}\cong \mathrm{F}_{p}[X]/\langle f\rangle$ ( ) $r\in \mathrm{F}_{p}[X]$
2.
$\log q$ $m$ $q$ Frobenius
$\mathrm{F}\mathrm{r}_{q}$
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ Hasse : ${}^{t}E(\mathrm{F}_{q})=1+q-\mathrm{T}\mathrm{r}(\mathrm{F}\mathrm{r}_{q}),$ $|\mathrm{T}\mathrm{r}(\mathrm{F}\mathrm{r}_{q})|\leq 2\sqrt{q}$ o1
$\mathrm{T}\mathrm{r}(\mathrm{F}\mathrm{r}_{q})$
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[1] $m$ $\mathrm{F}_{p^{m}}$ Wefl decent at-
tack





$l$ -adic algorithm: (Schoof-Atkin-Elkies, SEA)
$l(\neq p)$ $\mathrm{T}\mathrm{r}(\mathrm{F}\mathrm{r}_{q})\mathrm{m}\mathrm{o}\mathrm{d} l$ CRT $\mathrm{T}\mathrm{r}(\mathrm{F}\mathrm{r}_{q})$




$p$ $marrow\infty$ $E$ $\mathrm{Q}_{p}$
$m$ $\mathrm{T}\mathrm{r}(\mathrm{F}\mathrm{r}_{q})\mathrm{m}\mathrm{o}\mathrm{d} p^{m/2+O(1)}$
$O(m^{2.5})$ [3] $p$ $\mathit{0}$-constant $p$
3. $p$-adic algorithm
$p$ I41-. $K$ $\mathrm{Q}_{p}$ $m$ $R$ $K$ $\pi$
reduction $\mathrm{m}\mathrm{o}\mathrm{d} p$ map $(Rarrow \mathrm{F}_{q}, \mathrm{P}^{2}(K)arrow \mathrm{P}^{2}(\mathrm{F}_{q})$ , ...) $E$ $j(E)\not\in \mathrm{F}_{p^{2}}$ $\mathrm{F}_{q}$
( $E$ ordinary ) $\mathrm{o}E^{\uparrow}/K$ $E$ canonical lift
$\pi(E^{\uparrow})=E$ End(E
$\uparrow$







Abel $\mathrm{F}\mathrm{r}_{q}$ dual isogeny $V_{q}$ $p$ $\text{ _{}151}$ $\mathrm{T}\mathrm{r}\mathrm{F}\mathrm{r}_{q}$
0 $K$ E\uparrow endomorphism Vq\uparrow $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$
E\uparrow Weierstrass model ( $\mathrm{A}$ ) $j$-invariant) 7)
$\Phi_{p}$ $p$ modular $\sigma\in \mathrm{G}\mathrm{a}1(K/\mathrm{Q}_{p})$ . Frobenius
$\mathfrak{l}61$






[31 canonical lift $O(m^{2})$
(Haley[41)
[4] $p$ $m$ $parrow\infty$
$p<100$
[51 Vq\uparrow Vp\uparrow $\mathrm{T}\mathrm{r}\mathrm{F}\mathrm{r}_{q}$
Frobenius dual $\mathrm{F}_{q}$ Frobenius in-
separable $V_{p}$ separable







[11] ’ $\text{ }$
O(m3) O(m2) $O(m^{2.5})$ , $O(m^{2})$
$R/p^{m/2+O(1)}R$ $o(\sqrt{m})$
4. Lereier-Lubicz $\text{ }\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{s}\mathrm{i}\cdot \mathrm{s}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{r}\mathrm{e}$ lifting
Lercier, Lubicz[71 $\mathrm{F}_{q}/\mathrm{F}_{p}$ Gaussian Normal Base ( GNB)
$O(m^{2})$ canonical lift
$t\in \mathrm{N}$ $mt+1$ $p$ $\tau$ \sim 1 1 $t$ \gamma $\mathrm{F}_{p}^{\mathrm{a}}$







$\mathrm{F}_{q}/\mathrm{F}_{p}$ type $t$ Gaussian normal base (GNB) .
$\mathrm{F}_{q}/\mathrm{F}_{p}$ type $t$ GNB $\{\theta^{p^{\hslash}}\}_{n\dashv\}}^{m-1}-$ (Kim et a1.[51).
(1) $K/\mathrm{Q}_{p}$ $\{\sigma^{n}(\Theta)\}_{n4}^{m-1}(\pi(\Theta)=$ . . $\Theta$ 1\emptyset [9]ae o
(2) $\mathrm{Q}_{p}$-normed vector space $K$ $\{\sigma^{n}(\Theta)\}_{n\triangleleft-}^{m-1}$ .
(3) $\{\sigma^{n}(\Theta)\}_{n-\triangleleft}^{m-1}$ $\mathrm{Z}_{p}$ $R$ $\mathrm{t}\Theta_{\acute{\mathrm{J}}}^{nm-1}n4$ $\mathrm{Z}_{p}$
$R$ $t$ $t$
(4) $\{\sigma^{n}(\Theta)\}_{n=0}^{m-1}$ $\mathrm{Z}_{p}$ $R$ $x$ $\sigma^{k}(x)$ $O(m)$
( $h$ )




[8] $\lceil \mathrm{F}_{q}/\mathrm{F}_{p}$ type 1GNB \Leftrightarrow e $=m\Leftrightarrow p$ $\mathrm{F}_{m+1}$
Artin $\mathrm{F}_{p}$ type 1GNB
[91 ($k$, ) $n$ normed A-vector space $(V,$ $|$ |.|| $)$
$\sigma$
$v_{1}$, ..., $v_{n}\in V-\{0\}$ $\text{ }\mathit{0}2a_{1}$ , .. , $a_{n}\in h$ $|| \sum_{i=1}^{n}a_{\mathrm{i}}v_{i}||=\max_{1\leq i\leq n}|a_{i}|||v_{i}||$
V $V$ $\{v_{1}, \ldots, v_{n}\}$ $||v_{i}||=1$ for
all $1\leq i\leq n$ $v=\mathrm{E}7_{=1}a_{i}v_{i}$ $e$ $a_{1}$ ,
..., $a_{n}$ $\epsilon$
35
$F\mathrm{t}x_{n},$ $\sigma(x_{n}))\equiv 0\mathrm{m}$od $p_{:}^{2^{\hslash}}\partial$YF(xn’ $\sigma(x_{n})$ ) $\in R^{\mathrm{X}}$ $x_{n}\in R$ $h\in p^{2^{\hslash}}R$
$x_{n+1}:=x_{n}+h$ $F$( $x_{n+1}$ , $x_{n+1}$ ) $)\equiv 0\mathrm{m}$od $p^{2^{n+1}}$ $h$
$A_{\hslash}:=\partial_{X}F(x_{n^{y}}\sigma(x_{\hslash})),$ $B_{n}:=\partial_{\mathrm{Y}}F$(xn’ $\sigma(x_{n})$ )
$F(x_{n+1}, \sigma(x_{n+1}))=\frac{F(x_{n\prime}\sigma(x_{n}))+A_{n}h+B_{n}\sigma(h)}{\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} O(p^{2^{n*1}})\ \mathrm{b}\Gamma’\ovalbox{\tt\small REJECT})}.+O(p^{2^{n+1}})$




Lercier-Lubicz $1^{*}$ ) $u\in \mathrm{N}$
$(*)$ ( ) $t$ $\sigma^{u}(t)=’(\alpha_{u})t+\sigma^{u}(\beta_{u})$ $\mathrm{t}^{**})$
$\alpha_{u},$ $\beta_{u}\in R$ [10] $\alpha_{1}:=\sigma^{m-1}(a),$ $\beta_{1}:=\sigma^{m-1}-(b)$
$\alpha_{u},$
$\beta_{u}$








$\alpha_{m},$ $\beta_{m},$ $t\in R$ $\mathrm{t}^{*}$ )
$t=\alpha_{m}t+\beta_{m}$ i.e. $t= \frac{\beta_{m}}{1-\alpha_{m}}$
$\alpha_{m}\neq 1$ $1^{*}$ ) $t\mathrm{m}\mathrm{o}\mathrm{d} p^{\nu}$
$O(mv)^{[11]}$
$F$( $x$, x)$)=0$ $\mathrm{m}\mathrm{o}\mathrm{d} p^{v}$ $O(mv\log v)$
5. Kohel AGM
$a\geq b>0$
$\ovalbox{\tt\small REJECT}(a, b):=(\frac{a+b}{2}$, $\sqrt{ab})$
$a_{0}\geq b_{0}>0$ $\{a_{n}\}_{n=1}^{\infty}$ $\{b_{n}\}_{n=1}^{\infty}$
$1a_{n+1},$ $b_{n+1}):=\ovalbox{\tt\small REJECT}(a_{n}, b_{n})$
$\lim_{narrow\infty}a_{n}=\lim_{narrow\infty}b$n
(arithmetic-geometric mean, AGM)
[10] $\alpha_{u},$ $\beta_{u}$ $\mathrm{t}^{**}$)
[111 1ogm $N$ bit object $T_{N}$
$O(T_{mv}\log m)$ .
36
0 $a_{0}/b_{0}$ 1 AGM
$\sqrt\overline{ab}=a$ $\overline{b/a}$ ’$P/a$ 1 2001 Gau -Harley-Mestre
2 $p=2$
Input: $E:y^{2}+xy=x^{3}\dagger u(u\in \mathrm{F}_{q^{-}}\mathrm{F}_{4})$
Output: Tr $(\mathrm{F}\mathrm{r}_{q})$
Procedure:
1: $a:=1$ ; $b:=1+8$($u$ $R$ ) ;
2: $M:=1m/2\rceil+3$ ;
3: for $(i:=0 ; i<M-2 ; i:=i+1)$
4: $(a, b):=A(a, b)$ ;
5: $(c, d):=l(a_{\mathrm{J}}b)$ ;
6: return $t\in \mathrm{Z}\mathrm{s}$ . $\mathrm{t}$ . $t \equiv N_{K/\mathrm{Q}_{2}}(\frac{a}{c})\mathrm{m}\mathrm{o}\mathrm{d} 2^{M}$ and $|t|\leq 2\sqrt{q}$ ;
AGM
$\text{ }\backslash$ $\text{ }$
?
R. Carls[2] $A^{(0\mathrm{I}}/R$ ordinary reduction Abelian scheme
$A^{(n)}:=A^{(n-1)}/$($\pi(A^{(n-1)})[p]_{1o\mathrm{c}}$ liffi) $\lim_{narrow\infty}A^{(nm)}=A",$ $\mathrm{i}$ . $\mathrm{e}.$ ,
$\forall j\in \mathrm{N}\exists N\in \mathrm{N}\forall n\in \mathrm{N}$[ $n>Narrow A^{(nm)}\mathrm{x}W_{j}\cong A^{\uparrow}\mathrm{x}\mathrm{W}$j]
( $W_{j}:=R/p^{j}R$) ( $j$ $N$ )
3
$\text{ }$ ( )
.
KOhe1[61 $X_{0}(N)$ AGM $H$ $X_{0}(N)$
level $N$ modular curve
$X_{0}(pN)$ $arrow$ $X_{0}(N)$ $\mathrm{x}$ $X_{0}(N)$
$\mathrm{U}l$ $1\mathrm{J}$
$(E, G)$ $arrow$ $( (E,pG)$
$i$
($E/NG$, GING) $)$
$X_{0}(N)$ algebraic correspondenoe $\Psi_{p,N}$
$X_{0}(1)$ parameterization $j$ $\Psi_{p,1}(t_{1}, t_{2})=\Phi_{p}(t_{1}, t2)$ .
$\mathrm{Q}$ $\tau$
$\delta(\tau):=B^{2}-4AC$ (A, $B,$ $C\in \mathrm{Z}$ ,
$A\tau^{2}+B\tau+C=0)$ Birch[l] $\overline{\tau}\in X_{0}(N)$ (
-
$H$ $X_{0}(N)$ )
$\delta\langle\tau$) $=\delta 1N\tau$) $X_{0}(N)$ Heeger point
(Kohel[$l) $X$0(N) genus 0 $0$ $x_{1},$ $x_{2}$ , ..., $x_{m},$ $x_{m+1}=x_{1}\in R^{\mathrm{x}}$ $\mathrm{Q}$
‘ $i=1\sim m$
$p,N(Xi’ x_{i+1})=0$
$\circ x_{i+1}\equiv x_{t}^{p}\mathrm{m}\mathrm{o}\mathrm{d} p$
$x_{i}$
$\mathrm{Q}_{p}$ Galois ($X_{0}(N)$ parameterization ) Heegner
point
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